Abstract. It is known that the maximal homological degree of the Khovanov homology of a knot gives a lower bound of the minimal positive crossing number of the knot. In this paper, we show that the maximal homological degree of the Khovanov homology of a cabling of a knot gives a lower bound of the minimal positive crossing number of the knot.
Introduction
In [4] , for each oriented link L, Khovanov defined a graded chain complex whose graded Euler characteristic is equal to the Jones polynomial of L. Its homology is a link invariant and called the Khovanov homology. Throughout this paper, we denote the homological degree i term of the rational Khovanov homology of a link L by KH i (L). Let L be an oriented link. By i max (L), we denote the maximal homological degree of the Khovanov homology of L, and by c + (L), we denote the minimal number of the positive crossings of diagrams of L. Note that i max (L) is not negative. In fact, any link has nonzero Khovanov homology in degree zero because the Lee homology [6] is not trivial in homological degree zero. Then, it is known that i max (L) gives a lower bound of c + (L) (Proposition 2.1). From this fact, it seems that the Khovanov homology estimates the positivity of links.
Stošić [9] showed that i max (T 2k,2kt ) is 2k 2 t, where T p,q is the positive (p, q)-torus link. By using the same method as Stošić, the author [10] proved that i max (T 2k+1,(2k+1)t ) is 2k(k + 1)t. The author also computed the maximal degree for a cabling of any knot.
In this paper, we give some properties of the maximal degree of the Khovanov homology. In particular, we show that the maximal homological degree of the Khovanov homology of a cabling of a knot gives a lower bound of the minimal positive crossing number of the knot as follows: 
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In particular, we obtain
In many cases, p 2 c + (K) is not greater than the minimal positive crossing number of (p, 0)-cabling of K. Hence the inequality of Theorem 1.1 is possibly stronger than that of Proposition 2.1.
Note that there are some works on the crossing numbers of cable links (for example, see [3] , [5, Problem 1.68] and [8] ). This paper is organized as follows: In Section 2, we give the proof of Theorem 1.1. In Appendix, we introduce some properties of the maximal degree of the Khovanov homology.
We refer some informations (knot names, values of knot invariants and so on) in [7] . Throughout this paper, we use the same definition and notation of the Khovanov homology as in [10, p.2848-p.2850 ]. In particular, for a link diagram D of a link L, we denote the unnormalized Khovanov homology by
, where c − (D) is the number of the negative crossings of D.
The positivity of knots and the maximal degree of the Khovanov homology
In this section, we give some estimates on the minimal positive crossing numbers of knots. In particular, we prove Theorem 1.1.
For any oriented link L, define
The following is an immediate consequence of the definition of the Khovanov homology.
Unfortunately, Proposition 2.1 is not sufficient to determine whether a given link is negative (or positive) (for example, see Example 2.3). In [10] , the author computed i max for a cable link. By the computation, we obtain new estimates of the minimal positive crossing numbers of knots (Theorem 1.1). 
4.1, and Figures 4 and 8]. Moreover
. By using the negative first Reidemeister move repeatedly, we can take as large a c − (D) as we want. Hence, for −∞ < t ≤ 2c + (K), we have
Suppose that p = 2k + 1. By [10, Lemma 4.3 (2)] and the same discussion as above, we obtain
Example 2.3. We see that i max (8 21 ) = i max (9 45 ) = i max (9 46 ) = 0 (see [7] ). Hence, the inequality in Proposition 2.1 cannot determine whether these knots are negative. However, by "The Mathematica Package KnotTheory" [2] , we have i max (8 21 (2, 0)) = i max (9 45 (2, 0)) = 2, i max (9 46 (2, 0)) = 4.
By Theorem 1.1, these knots are not negative.
Remark 2.4. Let K be an oriented knot. Then, KH i (K(p, pt)) = 0 if i, n and p satisfy one of the following conditions (see also Figure 1 ): 
Note that the last inequality holds by Theorem 1.1.
Appendix A. Appendix: Other properties of the Khovanov homology
In this section, we introduce other properties of the maximal degree of the Khovanov homology. A.1. i max versus c + . By the following result, the accuracy of the inequality in Proposition 2.1 does not depend on the choice of orientations of links.
These imply this proposition. 
where 
Note that our coefficient ring is the rational number field Q. Hence we have
In [4, Proposition 34] , the following exact sequence was introduced:
Here, we forget the quantum grading of the Khovanov homology. By the first line, we have KH
By the second and third lines, we have
By repeating this process, for any l ∈ Z >0 , we obtain
Since KH i0+l (K 1 ♯K 2 ) = 0 for sufficiently large l, we have 
